Abstract. By means of the maximum likelihood method, we carry out synthesis and analysis of the algorithm for estimation of the shift parameter of the one-dimensional image presented as a set of serial expansion coefficients according to the system of orthogonal functions. We consider the possibility of employment of both asynchronous and synchronous orthogonal basis in order to implement the measurer of the image shift parameter. We also show that, in general, the measurer with synchronous basis produces more exact estimate of the shift parameter than the receiver with asynchronous basis, provided the identical number of expansion coefficients (modes) is processed.
Introduction
While designing systems for graphic and multimedia information processing, it is often necessary to solve the shift parameter estimation problem. In a number of papers [1] [2] [3] [4] [5] it is shown that the introduction of transformations based on the orthogonal polynomials and related functions opens new possibilities for the image patches movement analysis when compared with the available methods referring, in particular, to MPEG standard and its various modifications [6, 7] . This approach is based on the spectra non-invariance to the signals shift, as well as on the possibility of working with a small-dimensional matrix of spectral coefficients.
General view of the block diagram of image transfer and processing system applying orthogonal basis functions is represented in Fig. 1 . Here the designations are the following: 1)   y x s , is the message source (for example, original image), 2) the converter -the unit which is carrying out the generalized analog-to-digital conversion on the basis of some orthogonal (orthonormal) functions The papers [1, 2] conclude that the asynchronous receiver synthesized by means of a maximum likelihood method has a greater performance than the synchronous one. At the same time, any new information arising (the revealed synchronization availability included) should not lead to the degradation in receiver performance. The purpose of the present work is to perform the comparative analysis of the optimal (maximum likelihood) estimates of the shift parameter of the image observed against noise in both synchronous and asynchronous orthogonal function bases.
The Estimate of the Shift Parameter in the Asynchronous Basis
For the simplicity of the mathematical manipulation and in order not to violate generality, we now focus on the case of the reception of the one-dimensional signal   
is accessible to the observation.
We use the maximum likelihood estimate (MLE) m  for estimation of the unknown parameter 0  . This estimate is determined as the solution of likelihood equation [9] :
Here    L is the logarithm of the functional of the likelihood ratio (FLR). If the realization (1) is passed to the receiver input, then the FLR logarithm can be presented as follows [9] :
In Eq. (3) Ω is the observation area of the process   x  , and τ is the current value of the unknown parameter 0  .
We presuppose that the relation 
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The set of the spectral coefficients (modes)   n C defines a reference pattern of the signal. Following [1, 2] , we term the estimation method when the shift parameter is involved into basis functions as the estimation algorithm with asynchronous (moving) basis. Taking into account Eq. (4), we rewrite Eq. (3) as
where
. Further, substituting Eq. (5) into Eq. (2), we obtain the likelihood equation in the form of
We specify Eq. (6) for Hermitian functions basis
is the n-order Hermitian polynomial [10] . Differentiating Eq. (7) by parts and taking into account recurrent properties of Hermitian polynomials [10] , for the derivative
When relations (8) are employed, we can transform the vector-matrix form of the likelihood equation (6) 
As shown in [1] [2] [3] [4] [5] , the greater part of the energy of the signal   x s is concentrated in the first several expansion coefficients n C . And the coefficient 0 C has a maximum value by the magnitude under the lesser shift sizes. Then, the estimation algorithm of the shift parameter (9) can be simplified by carrying out the maximum search for only the first term of the FLR logarithm (5)
. As a result, MLE m  is determined as a position of the maximum of the function
, or as a solution of the equation (9) is taken into account. The choice between these alternatives depends wholly on the engineering usability considerations.
Next goes the study of the characteristics of MLE m  (2), (6) . For the sake of generality, we will suppose that the   1  M modes of a useful signal are processed (i.e. the partial reception is implemented), so the mix
is accessible for the observation. In this case the FLR logarithm (3), (5) gets the form
and
is the energy of a useful signal
, then we get the optimal reception. In order to determine the characteristics of the estimate m  , we present the term of the FLR
, the one depending on the current value τ of the estimated parameter, as the sum of the signal and noise functions [9] . Then, taking into account Eqs. (10), (11), we obtain
is the normalized signal function,
is the normalized noise function,
is the output signal-to-noise ratio (SNR) for the received signal   
We suppose that the output SNR (16) for the algorithms (2), (6) 
(17) According to [9] , the first approximation we have 
and its conditional dispersion is equal to
We specify the expression (19) for representation (10) 
Here
From Eqs. (20), (21), after the corresponding transformations, we find out that 
is the output SNR for the optimal reception. It should be noted that the presence of the product 2  n n C C in the formula (23) indicates the influence of the interaction of the adjacent even/odd signal modes upon the accuracy of the obtained estimate. The specified effect is a consequence of the pair-wise interaction of the even/odd modes
, as expansion terms in the likelihood equation (9) [1, 2] . Besides, in the first approximation, the dispersion of MLE m  coincides with the dispersion of the effective estimate, i.e. the expression (23) also defines the Cramer-Rao border [9] of the estimate of the shift parameter of the one-dimensional signal with the final number of modes.
The Estimate of the Shift Parameter in the Synchronous Basis
When receiving signal with synchronous basis, the generation of the basic functions is implemented synchronously on special control marks of information system. We now define the structure of the measurer of the shift parameter and then determine the accuracy characteristics of MLE obtained in this case. Let the additive mix (1) of the useful signal and Gaussian white noise be passed to the receiver input. With the help of some system of orthonormal functions
In other words, in synchronous basis the shift of the useful signal   
As before, we suppose that the shift parameter 0  can be considered as nonpower [9] , i.e. the edge effects in the area Ω do not appear, and the signal (25) energy does not change while shift occur. Then, the equation (27) becomes simpler and takes the form
In many cases the derivatives of the expansion coefficients 
The ways of the maximum likelihood measurer design simplification (30) in the conditions of the high posterior accuracy (when the output SNR (24) for the algorithm (30) is sufficiently great) are considered in [3] .
Let us find the characteristics of MLE m  (28), (30). As it has been in the case of the analysis of MLE (2), we suppose that   1  M modes of the useful signal are processed, and thus the mix (10) can be observed, and the FLR logarithm (3) is of the form of
, and 0 L is determined in the same way as in Eq. (12). If
we have the optimal reception.
In order to determine the characteristics of the estimate m  , similarly to Eq. (13), we present the
, depending on the current value τ of the estimated parameter 0  , as the sum of signal and noise functions [9] . Then, according to Eq. (31), we obtain
, where 
According to Eq. (32),
. Then, in the first approximation, the estimate (28), (30) is a conditionally unbiased one and its conditional dispersion is determined as [9] 
Substituting into Eq. (33) the expression for the second derivative
If the parameter 0  is nonpower, then the following relations are satisfied: 
Conclusion
During the estimation of the shift parameter of signals or images, the approach is quite effective that is based on the spectral description of the received signal/image by means of orthogonal function systems. The specified approach allows us to obtain the optimal algorithms for the estimation of the shift parameter of the signal or image patch when either synchronous or asynchronous mode of transmitter and receiver is implemented, and that corresponds to the application of synchronous and asynchronous orthogonal bases. And accounting for the several first expansion coefficients (modes) is then sufficient for the calculation of the accuracy characteristics close to the potential ones (Cramer-Rao bound). The estimates of the shift parameter during the reception carried out with asynchronous or synchronous basis are conditionally unbiased and consistent in the first approximation. However, while processing identical number of modes, the receiver with synchronous basis produces more exact estimate of the shift parameter, than the receiver with asynchronous basis.
